In this manuscript, we introduce the notion of b-hybrid contraction in the setting of b-metric space. We investigate the existence and uniqueness of a fixed point for this contraction. Our results combine and merge several existing results in the corresponding literature and we list some of them as corollaries. Finally, we consider an Ulam's type stability for an application.
Introduction and Preliminaries
The notion of b-metric, also known as quasi-metric [1] , is one of the genuine extensions of the concept of metric that was observed by changing the triangle inequality by a weighted-triangle inequality (see (b3) below). On account of the fact that b-metric is a real generalization of the standard metric, we consider a notion of b-hybrid contraction in the setting of b-metric space. Recently, hybrid contraction has attracted attention from researchers since such contractions not only improve the nonlinear functional analysis, in particular, metric fixed point theory, but also, organize the untidiness of the metric fixed point theory.
We In this manuscript, we aim to introduce the notion of a (b)-hybrid contraction that not only extends several existing contraction definitions but also merges a number of existing contractions. In particular, hybrid contractions aim to combine linear contractions [4] [5] [6] [7] [8] [9] [10] [11] and nonlinear contractions [12] [13] [14] [15] [16] [17] in the fixed point theory literature. After we investigate the existence of a fixed point for this new type contraction, we state some consequences. Besides on these corollaries, to underline the novelty of the given results, we consider examples (see Examples 1-3). In addition, as a possible application, we consider an Ulam stability of our result.
Main Results

Definition 1.
where r ≥ 0 and
where T (M ) = {ω ∈ M : Tω = ω}.
Then T has a fixed point and for any x 0 ∈ M , the sequence {T n x 0 } converges to if either (a 1 ) T is continuous at ; (a 2 ) or T 2 is continuous at ;
Proof. We consider that the sequence {x n } is defined by the relation x n+1 = Tx n , n ≥ 0, by taking an arbitrary point x 0 ∈ M . Under these considerations, it is easy to see that in case that there is n 0 so that x n 0 = x n 0 +1 = Tx n 0 , so x n 0 turns to be a fixed point of T. For this reason, we shall presume that for all n ∈ N 0 ,
On account of the (15) , setting x = x n and y = x n , we find that we have that
Now, we consider first the case r > 0. If we suppose that b(x n+1 , x n ) ≥ b(x n+1 , x n ) then by an elementary estimation, we obtain that
Thus, since ψ is non decreasing, from condition (1), we get that
which is a contradiction. Attendantly, we can conclude that b(x n+1 , x n ) < b(x n+1 , x n ) and from (4) that
Inductively, from the inequalities above, we deduce
From (6), using the triangular inequality, for all p ≥ 1, we have
(We used here Lemma 2). Thus, we get that the sequence {x n } is Cauchy in (M , b, s). Since this space is complete we conclude the existence of ∈ M such that
We claim that is the requested fixed point of T under the given presumptions. If (a 1 ) holds, that is, T is continuous, we have
Under the second assumption, (a 2 ), due the continuity of T 2 ,
On the contrary, if T = , we have
which is a contradiction. Thus, b(T , ), that is is a fixed point of T. On the other hand,
Thus, taking n → ∞ in (9), we get
where
2 ] 1/p . If we suppose that (a 3 ) holds, that is, κ 1 , κ 3 are not simultaneous 0, he have that Λ < 1 and we obtain a contradiction, that is, T = .
We skip the details of second assumption of the case (a 3 ) since it is verbatim of the above lines. We shall consider now the case r = 0. Since in this case,
, the inequality (1) becomes
In case that b(
and the inequality (12) yields that
which contradict our assumption. Thus, b(x n , x n−1 ) > b(x n+1 , x n ) for all n ≥ 1 and the sequence {b(x n , x n−1 )} is a non-increasing. On account of the observation below, we have
for all n ∈ N. However, the above inequality is equivalent to (5), so we derive that the iterated sequence {x n } is Cauchy and there is ∈ M such that lim n→∞ b (x n , ) = 0. We claim that this point is a fixed point for T. Indeed, if T is continuous, following the proof for the case r = 0 we find that T = .
Suppose now that = T . Taking into account the assumption (a 2 ), that T 2 is continuous, as previous we get that T 2 = and from (15) with x = and y = T we have
which is a contradiction. For the last presumption, (a 3 ), since x n = x n+1 = Tx n for each n ≥ 0, by letting x = x n and y = in (1), we have
Letting n → ∞ in the inequality (13), we get b( , T ) = 0, which is a contradiction. Thus, T = .
Example 1. On set M = {1, 2, 5, 8}, endowed with the b-metric b(x , y) = (x − y) 2 , we consider the mapping T : M → M given as follows:
Hence, (1) is satisfied for every x , y ∈ M \ T (M ) and the mapping T has two fixed points; these are 1 and 2.
Taking s = 1 in the above theorem we find the following corollary.
Corollary 1. Let T be a self-mapping on a complete metric space (M , b) such that
where ψ ∈ Ψ, r ≥ 0 and
where T (M ) = {ω ∈ M : Tω = ω}. Then T has a fixed point ∈ M , if any of the following statements hold (a 1 ) T is continuous at ; (a 2 ) or T 2 is continuous at ; 
If T is continuous or T 2 is continuous then T has a fixed point and for any x 0 ∈ M , the sequence {T n x 0 } converges to . 
(ii) For x ∈ [0, 1) and y = 1:
Consequently, the assumptions of Corollary 3 are satisfied and = 0 is a fixed point of T. 
for any x , y ∈ M \ T (M ) and where λ ∈ [0, 1). If T is continuous or T 2 is continuous then T has a fixed point ∈ M .
, ψ(t) = λt, t ≥ 0 and r = 0 in Theorem 1.
Of course, any fixed point of a map T is a fixed point for T n , for any n ≥ 1, but the converse is not generally true. A mapping who has the property that T (M ) = n T (M ) is said that satisfies the property P ( [8, 10] ). Regarding the maps that satisfy the property P, in a b-metric space, it is known the following result. 
where λ ∈ [0, 1).
We give now a generalization of this result. 
where ψ ∈ Ψ.
Proof. Let n > 1 and u ∈ n T (M ). By (20), for x = T n−1 u we have
Since ψ is a b-comparison function, is non-decreasing and from the previous inequality we have that
Hence, b(u, Tu) = 0, so that u ∈ T n (M ). Proof. Since T is a (b)-hybrid contraction, the inequality Equation (1) is satisfies for any x , y ∈ M , so that in particular we can consider y = Tx and keeping in mind the properties of function ψ we get
where ψ ∈ Ψ. We will discuss the two separate cases, namely, r > 0 respectively r > 0. In the first case, for r > 0 we have
and replacing in (21) we find that
Therefore, from Theorem 3 we obtain that T satisfies the property P.
For the case r = 0, since
If we suppose, by reductio ad absurdum that b(x , Tx )) < b(Tx , T 2 x )) for x ∈ M , from the inequality (21) and taking into account the above inequality we get
which is a contradiction. Consequently, b(x , Tx )) ≥ b(Tx , T 2 x ) and we obtain
then T has a unique fixed point.
Proof. Let z 0 ∈ M. Replacing x by x 0 and y by Ty 0 in (22) we have
which is equivalent with
Analogously, taking x = T 2 x 0 , y = T 3 x 0 we get
or, taking into account (24) and (25),
In this way, we find that
and similar
If we build the sequence {x n } as follows
following the same reasoning we get that
for the both cases n = 2p and n = 2p + 1, where p ∈ N
In the next step, we want to demonstrate that the sequence defined above is Cauchy. Let for this, n, m ∈ N, with m > n. We will consider four cases: Case 1. If n = 2p and m = 2k, where p ≥ 1 and k ≥ 2, then by triangle inequality we have
So,
for any p ≥ 1 and k ≥ 2, since α β s 2 < 1.
Case 2.
If n = 2p and m = 2k + 1, where p ≥ 1 and k ≥ 1, then
and together with (29) and (30) we get
which shows us that
for any p ≥ 1 and k ≥ 1.
Case 3.
If n = 2p + 1 and m = 2k + 1, where p ≥ 1 and k ≥ 2, then
Taking into account (29) and (31), we obtain
Case 4. If n = 2p + 1 and m = 2k, where p ≥ 1 and k ≥ 2, similarly we get
We conclude that, for any n, m ∈ N, with m > n, the following inequality holds:
and letting p → ∞ in (34),
Consequently, the sequence {x n } is Cauchy in a b-complete metric space, so that there exists ∈ M such that lim n→∞ b(x n , ) = 0. We state that the point is a fixed point of T. Indeed,
In order to prove that is also, a fixed point of T, we proceed by reductio ad absurdum. For this, we assume that = T . Consequently, from (22) we have , if x ∈ (1, 2]
. The mapping T is not continuous, Denoting ξ n = b(z n , ), η n = sb(z n+1 , Tz n ), the above inequality becomes ξ n+1 < c · ξ n + η n .
Thus, since lim n→∞ η n = 0 and c = sλ < 1, taking into account Lemma 3 we get that lim n→∞ ξ n = lim n→∞ b(z n , ) = 0 which proves that the Picard's iteration is T-stable.
An immediate consequence is presented in the following theorem (it is enough to take s = 1 in Theorem 6). 
Conclusions
The obtained results unify several existing results in a single theorem. We list some of the consequences but, it is clear that there are more consequences of our main results. Due to the length of the paper, we skip them.
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